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Estudiamos modelos de elección con funciones objetivo suave-
mente definidas por tramos y presentamos condiciones bajo las
cuales la introducción de variables latentes derivadas de compo-
nentes regionales produce una representación análoga a la de
un modelo censurado. Estas variables latentes pueden tratarse
como resultados potenciales, lo que permite una estimación tra-
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evidencia empírica de complementariedades entre cónyuges en
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1 | INTRODUCTION

Many structural models in applied economics are defined by optimization problems whose
objective functions are piecewise smooth (Pudney, 1989). Such piecewise smooth features
naturally arise from nonlinear budget constraints (such as kinked budget constraints) or
nonsmooth operators embedded in the objective (such as max and min operators or fixed
adjustment costs). These piecewise features are central in a broad set of applications–
including taxation and bunching, durable (S, s) adjustment, and household or firm problems
with nonconvexities–yet they complicate both solution and estimation.

The difficulty is not only numerical: nondifferentiability makes the model challenging
to solve. When the optimum occurs at a corner or at a boundary where multiple regions
meet, the mapping from observed choices to unobservables can become one-to-many:
the same observed choice may be consistent with a range of latent shocks. In that sense,
these problems resemble censored or incomplete-data models, even when the original
model is written as a standard choice problem. This feature complicates likelihood-based
estimation, since the likelihood contribution of boundary observations typically requires
integrating over the set of latent shocks compatible with the observed choice. A common
practice is to solve the model region by region–obtaining local optima in each piece and
selecting the global optimum–paired with simulation-based estimation methods such as
indirect inference (Smith Jr, 1993; Gouriéroux and Monfort, 1997). However, this approach
requires specifying an auxiliary model, and identification tends to be less transparent, with
statistical and computational efficiency depending on the choice of auxiliary specification
and optimization method.

This paper develops an alternative route. We provide conditions under which a broad
class of optimization-based choice models with piecewise smooth objective functions can be
re-expressed in a reduced form that resembles an artificial censored model. This censored
representation brings the problem into the domain of incomplete-data models, allowing us
to apply estimation tools such as the stochastic EM (SEM) algorithm.

The key step is to introduce a finite set of well-defined latent variables that link the
optimal choice to observables and unobservables. Concretely, these latent variables are
constructed as (i) unconstrained global maximizers of the auxiliary functions (piecewise
regional components) over the entire domain and (ii) maximizers at the boundaries between
regions. Under our conditions–most importantly, global unimodality of each smooth
component over an appropriate open extension of its region–any optimal choice for the
original piecewise objective must coincide with one element of this finite set. Moreover,
the observed choice data allow the researcher to infer which element of the latent set is
selected. Consequently, these introduced latent variables can be interpreted as "practical"
potential options offered to each unit and they select the optimal one from the finite list.
This transformation effectively reframes the original optimization problem into a potential
outcome framework.

On the one hand, from an optimization perspective, the transformation decomposes the
global piecewise maximization into a finite comparison across a set of well-defined global
and boundary solutions—rather than regional subproblems—providing an alternative
representation of the optimization problem.

More importantly, the potential outcome framework facilitates alternative estimation
methods. We propose using the stochastic EM (SEM) algorithm (Dempster et al., 1977;
Celeux et al., 1996), an established method for models with incomplete or censored data.
Leveraging the potential outcome framework, SEM alternates between an E-step, where
we draw values for the introduced latent variables from the posterior distribution given
the observables, and an M-step, where we estimate the potential outcome framework with
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the E-step draws, until the parameters converge to a stationary distribution. The algorithm
replaces integration with tractable iterative updates and has the potential to achieve fast
convergence when combined with acceleration techniques (Wei, 2024). Two illustrative
examples are discussed: 1) responses to taxes and transfers under progressive income
taxation (Saez, 2010), and 2) the (S, s) model for infrequent adjustment (Attanasio, 2000;
Bover, 2010).

This paper characterizes a class of optimization-based choice models with piecewise
smooth objective functions that can be transformed into a reduced form resembling censored
models. We develop an alternative solution method and propose the stochastic Expectation–
Maximization (SEM) algorithm for their estimation.

Piecewise smooth objective functions in choice models can arise from various factors,
such as bounded choice sets (e.g., non-negativity restrictions), nonlinear constraints (e.g.,
progressive tax systems), or objective functions containing nonlinear expressions of the
choice variable (e.g., max and min operators) (Pudney, 1989). Estimating such models,
which often requires solving them, can be challenging due to the frequent occurrence of
nonlinearity and non-differentiability, which not only complicate the solution method but
also can lead to data censorship. A potential approach involves sequentially obtaining local
optima in each region and then selecting the global optimum, paired with simulation-based
estimation methods such as indirect inference (Smith Jr, 1993; Gouriéroux and Monfort,
1997). However, this approach requires specifying an auxiliary model, and identification
tends to be less transparent, with statistical and computational efficiency depending on the
choice of auxiliary specification and optimization method.

In this paper, we provide conditions under which choice models with piecewise smooth
objective functions can be transformed into a reduced form resembling an artificial censored
model: while some choices are observed directly, there are censored outcomes consistent
with a range of error terms, creating a one-to-many relationship between observables and
unobservables. This transformation not only provides an alternative solution method to the
choice model but also facilitates the application of the SEM algorithm, which is particularly
useful for handling incomplete data.

The key to the transformation is the introduction of a set of well-defined latent variables
that link the optimal choice to the relevant observables and unobservables. Specifically, the
latent variables that we propose to introduce are the unconstrained global maximizers of
the auxiliary functions (piecewise regional components) over the entire domain, as well as
their maximizers at the boundaries between regions. The definition of these latent variables
depends on the auxiliary functions (e.g., through first-order conditions) and thus depends
on other observables, unobservables, and parameters of interest.

We show that when the auxiliary functions have a unique global maximizer with no local
maxima over the entire domain, the optimal choice that maximizes the piecewise smooth
objective function must correspond to one of the introduced latent variables. Moreover,
researchers can infer which latent variable corresponds to the optimal choice based on the
observed choice data. Consequently, these introduced latent variables can be interpreted as
"practical" potential options offered to each unit and they select the optimal one from the
finite list. This transformation effectively reframes the original optimization problem into a
potential outcome framework.

On the one hand, from an optimization perspective, the transformation decomposes the
global piecewise maximization into a finite comparison across a set of well-defined global
and boundary solutions—rather than regional subproblems—providing an alternative
representation of the optimization problem.

More importantly, the potential outcome framework facilitates alternative estimation
methods. While the transformation applies generally, it is particularly useful in cases where
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some observed choices are consistent with a range of unobservables—typically arising
at corner or boundary solutions—creating a one-to-many mapping between choices and
unobservables and thereby resembling a censored model. In such settings, direct estimation
methods such as maximum likelihood require integrating over the entire feasible range of
unobservables for censored observations, which is often computationally demanding or
infeasible.

In such cases, we propose using the stochastic Expectation–Maximization (SEM) algo-
rithm (Dempster et al., 1977; Celeux et al., 1996), an established method for models with
incomplete or censored data. Leveraging the potential outcome framework, SEM alternates
between an E-step, where we draw values for the introduced latent variables from the
posterior distribution given the observables, and an M-step, where we estimate the potential
outcome framework with the E-step draws, until the parameters converge to a stationary
distribution. The algorithm replaces integration with tractable iterative updates and has the
potential to achieve fast convergence when combined with acceleration techniques (Wei,
2024). Two illustrative examples are discussed: 1) responses to taxes and transfers under
progressive income taxation (Saez, 2010), and 2) the (S, s) model for infrequent adjustment
(Attanasio, 2000; Bover, 2010).

Finally, as an empirical application, we estimate the interdependent duration model of
Honoré and de Paula (2018) with our method to study the joint retirement decisions among
European couples. In this model, the retirement timing decision is determined through
within-household Nash bargaining, considering potential complementarities in retirement
decisions. The objective function of the bargaining problem has the piecewise feature, as
the complementarity depends on the timing of the last person retiring, introducing a max
operator into the objective function. This results in data "censoring" for jointly retiring
couples, complicating both solving and estimating the model.

Applying the method, we introduce three pairs of well-defined latent variables as
potential outcomes. The final choice of each household, observed by researchers, must
correspond to one of these three options. This effectively transforms the original Nash
bargaining problem into a potential outcome framework, which we leverage to develop
the SEM estimation method. The proposed algorithm demonstrates numerical stability,
satisfactory finite-sample performance, and computational efficiency.

The model is estimated using a sample of 1969 couples from 19 countries in the Survey
of Health, Ageing, and Retirement in Europe (SHARE) data. Results provide empirical
evidence of the existence of complementarities in the retirement process among European
couples. A simulation exercise shows that complementarity reduces the median retirement
age by approximately 5 months for wives and 2 months for husbands.

Literature. This paper broadly relates to two strands of literature. The first is the
literature on choice-model estimation methods, including the textbook by Pudney (1989), the
recent survey by Blomquist et al. (2023), and simulation-based approaches such as Smith Jr
(1993), Gouriéroux and Monfort (1997), Celeux et al. (1996), and Dempster et al. (1977). Our
main contribution is to connect a broad class of optimization-based choice models with
kinks, corners, or nonconvexities—arising either from nonlinear budget constraints or from
nonsmooth operators in the objective function—to censored latent-variable models. The
equivalence clarifies how these models’ one-to-many mapping from observed choices to
unobservables parallels the structure of censoring, thereby enabling estimation through
incomplete-data methods such as the stochastic EM algorithm.1

The paper also contributes empirically to the retirement literature, particularly studies
considering the role of spousal interactions in retirement decisions, by providing empirical

1Bertanha et al. (2023) discuss and use the connection between bunching behavior and a censored model for
estimation; we generalize and formalize this connection in a broader setup.
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evidence of spousal complementarities in retirement decisions among European couples
(Blundell et al., 2016; García-Miralles and Leganza, 2024; Honoré and de Paula, 2014, 2018;
Hospido and Zamarro, 2014; Johnsen et al., 2022; Lalive and Parrotta, 2017; Michaud and
Vermeulen, 2011; Michaud et al., 2020).2

The rest of the paper proceeds as follows. Section 2 characterizes a class of choice
models with piecewise-smooth objective functions, develops the transformation of the
original optimization problem into a potential-outcome framework, and introduces the
SEM estimation method. Section 3 presents two illustrative examples. Section 4 applies
the method to the interdependent duration model to empirically analyze joint retirement
behavior among European couples. Finally, Section 5 concludes.

2 | CHOICE MODELS WITH CENSORED REDUCED FORM

In this section, we characterize a class of optimization-based choice models with piecewise
smooth objective functions, which have a reduced form resembling a censored model, pro-
viding an alternative solution approach and facilitating the use of the stochastic Expectation-
Maximization (SEM) estimation method for these choice models.

Choice models. We start with choice models that characterize units’ behavior. For
each unit i = 1, ...,N, a continuous decision yi is made by maximizing an objective function
V(y; xi,ui, θ):

yi = arg max
y∈Sy

V(y; xi,ui, θ). (1)

For example, V(y) may represent an individual’s utility function or a firm’s profit function.
While xi and yi are observable to researchers, ui is unobservable and is assumed to follow
a distribution fu(u;γ). The unknown parameter vector κ ≡ [θ;γ] is of interest.3

The estimation of such models can be straightforward when the objective function
V(y) is well behaved such that policy functions characterizing the optimal choice yi can
be derived. In such cases, one could pursue likelihood-based estimation, since it is fully
specified, or exploit the moment restrictions implied by the model.

However, we focus on a specific class of models in whichV(y) exhibits non-differentiability
due to its piecewise feature, making the solution to the choice model problem and thus the
estimation procedure more complex. Specifically,

V(y; xi,ui, θ) =
K∑

k=1

1(y ∈ Sk)Vk(y; xi,ui, θ), (2)

where {Sk}
K
k=1 are mutually exclusive and collectively exhaustive subsets of Sy, meaning⋃K

k=1 Sk = Sy and Sk ∩ Sj = ∅ for k ̸= j. The model is piecewise in the sense that the
functional form of the objective depends on the region in which the action y lies.

This piecewise structure can arise from many sources in different applications, such as
nonlinear budget constraints (e.g., progressive taxation) and nonlinear components in the
objective function (e.g., max and min operators), as discussed later in Sections 3–4.

2See also Hurd (1990), Blau (1998), Gustman and Steinmeier (2000), Coile (2003), Gustman and Steinmeier
(2004), Blau and Gilleskie (2006), Banks et al. (2007), Van der Klaauw and Wolpin (2008), Pozzoli and Ranzani
(2009).

3The framework can be extended to incorporate unknown unit-specific heterogeneity with panel data, and the
following discussion still applies.
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This structure introduces two main challenges: (i) non-differentiability at the boundaries
between regions Sk, which complicates the model solution; and (ii) solutions yi at these
boundaries often lead to censoring, meaning that multiple values of ui are consistent with
the observed yi.

A common approach to estimating such models is to sequentially obtain local maximizers
in each region Sk and then select the global maximizer, paired with simulation-based
estimation methods such as indirect inference (Smith Jr, 1993; Gouriéroux and Monfort,
1997). This approach, however, requires additional care to account for possible corner
solutions within each region, involves specifying an auxiliary model, and is generally less
statistically efficient than MLE as well as less transparent in terms of identification. From a
computational perspective, the simulated moments may be non-smooth, and the method
can be computationally demanding in large parameter spaces.4

In the remainder of this section, we propose a new approach to estimating piecewise
choice models. We show that under certain assumptions, the choice model can be trans-
formed into a potential outcome framework, which we then estimate using the SEM proce-
dure. This method avoids the need for region-by-region optimization, operates directly on
the likelihood or moment conditions implied by the original model, and offers potential
gains in computational efficiency, thus presenting a transparent and practically effective
alternative.

2.1 | Potential Outcome Framework

Now we characterize a class of choice models whose optimization problem can be reformu-
lated as a latent "potential outcome" framework, where the potential outcomes correspond
to the maximizers of functions Vk(y), both global and boundary-local. This framework will
be further leveraged for estimation in the following subsection.

We impose the following assumptions. Assumption 1 is a regularity condition ensuring
well-defined solutions, while Assumptions 2–3 are structural conditions on the objective
function and its domain.

Assumption 1 (Existence and uniqueness of the solution) For any θ ∈ Θ, the objective func-
tion V(y) attains a unique maximizer a.s. with respect to (xi,ui) over the domain Sy.

Assumption 2 (Global unimodality of auxiliary functions) For all (xi,ui) and θ ∈ Θ, and
for any region Sk, k = 1, . . . ,K, that contains nonempty interior, there exists an open set S̃k ⊇ Sk
such that Vk(y) is continuous on S̃k, admits no local maxima other than a unique global maximum,
and the maximizer y∗k ∈ S̃k is characterized by the condition gk(y∗k) = 0.

Assumption 2 imposes assumptions on each auxiliary function Vk(y): while the overall
objective function V(y) may exhibit irregular features globally, each component Vk(y) is
assumed to be well-behaved, possessing a unique global maximizer on an open set S̃k ⊇ Sk
and no other local maxima. The domains S̃k need not be identical across k, nor must
they coincide with the global feasible set Sy. Moreover, when Vk(y) is differentiable, the
condition gk(y∗k) = 0 corresponds to the standard first-order condition. Assumption 2
ensures that the global maximizers of the auxiliary functions are well-defined.

Assumptions 1–2 allow for a certain degree of discontinuity. A special case is when
V(y) exhibits jumps at region boundaries. For example, Section 3 presents an example with
removable jumps due to fixed adjustment cost.

4While approaches such as Chernozhukov and Hong (2003) reformulate this problem as a quasi-posterior
sampling task, they can require long sampling runs, especially when the parameter dimension is large.
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Assumption 3 (Existence of boundary maximizers) For all (xi,ui) and θ ∈ Θ, and for any
k ̸= j, let Skj ≡ ∂Sk ∩ ∂Sj denote the common boundary between regions Sk and Sj, and let
Sk0 ≡ ∂Sk ∩ ∂Sy denote the portion of the boundary of Sk that coincides with the boundary of
the feasible set Sy. For any nonempty set Skj with 0 ⩽ j < k ⩽ K, the boundary maximizer
y∗kj ≡ arg maxy∈Skj

V(y) exists and is characterized by an equation gkj(y∗kj) = 0.

Assumption 3 ensures that we can characterize local maximizers of the objective func-
tion along all boundaries. Together with the global maximizers y∗k, the boundary-local
maximizers y∗kj will serve as auxiliary latent variables, forming the basis of the potential
outcome framework discussed in the remainder of this section.

The following result formalizes how these auxiliary variables characterize the global
maximizer of the objective function.

Theorem 1 (Latent potential outcome representation) Under Assumptions 1-3, the global
maximizer y of the objective function V(y) over the feasible set Sy must belong to the following finite
candidate set:

y ∈
( ⋃

{k:So
k ̸=∅}

{y∗k}

)
∪
( ⋃

0⩽j<k⩽K

{y∗kj}

)
.

Moreover, the mapping from y to the elements of this set satisfies:

If y ∈ Sok, then y∗k = y, for 1 ⩽ k ⩽ K;

If y ∈ Skj, then y∗kj = y, for 0 ⩽ j < k ⩽ K,

where Sok denotes the interior of region Sk.

Proof By Assumption 1, a global maximizer y exists over the feasible set Sy. Since the sets
{Sk}

K
k=1 are mutually exclusive and collectively exhaustive, ymust lie either in the interior

of some region S◦k for k = 1, ...,K, or on a boundary Skj for 0 ⩽ j < k ⩽ K.
If y ∈ S◦k for k = 1, ...,K: On S◦k, V(y) = Vk(y) by construction, so y is also a local

maximizer of Vk. Since Vk has no other local maxima except the unique global maximum
y∗k (by Assumption 2), it follows that y = y∗k.

If y ∈ Skj for 0 ⩽ j < k ⩽ K: Since y maximizes V(y) globally and lies in Skj, it must
coincide with the boundary-local optimizer y∗kj, by Assumption 3.

Therefore, the global maximizer must lie in the finite candidate set:

y ∈

(
K⋃

k=1

{y∗k}

)
∪

 ⋃
0⩽j<k⩽K

{y∗kj}

 .

First, Theorem 1 offers an alternative perspective on solving the optimization problem
compared to the region-based optimization approach. By reframing the problem in this way,
it avoids the need to discuss corner solutions that typically arise when searching for a local
optimizer.

More importantly, by introducing the well-defined auxiliary latent variables y∗k for
k = 1, ...,K and y∗kj for k ̸= j, Theorem 1 transforms the original optimization problem into
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a potential outcome framework:

gk(y
∗
k; x,u,θ) = 0, for 1 ⩽ k ⩽ K; gkj(y

∗
kj; x,u,θ) = 0, for 0 ⩽ j < k ⩽ K, (3)

y =

K∑
k=1

1(y ∈ Sok)y
∗
k +

∑
0⩽j<k⩽K

1(y ∈ Skj)y∗kj. (4)

where u ∼ fu(u;γ), and parameter vector κ ≡ [θ;γ] is of interest.
Specifically, the auxiliary variables y∗k and y∗kj, defined by the functions g(·), can be

interpreted as latent potential options available to unit i, as in Equation (3). Unit i selects
the option that maximizes the objective function V(y), and only this chosen outcome is
observed by the researcher, as formalized in Equation (4). It is important to emphasize
that unit i optimizes over the entire feasible domain Sy; the finite set of alternatives in
Equations (3)–(4), comprising y∗k and y∗kj, merely provides an equivalent representation
that captures all possible optima and serves as a practical device for estimation.

Censored models.
Equations (3)–(4) constitute a valid framework, equivalent to the choice model in the
likelihood as long as Assumptions 1–3 are satisfied. In simpler cases, where there is a
one-to-one mapping between each observed choice y and the unobservable u through the
functions g(·), direct estimation based on Equations (3)–(4) is often straightforward. Our
main interest, however, lies in cases where some observed choices y are consistent with a
range of unobservable values, creating a one-to-many mapping between y and u. In this
case, the framework resembles a censored model, and its estimation— such as via Maximum
Likelihood—often requires integrating over the entire feasible range of unobservables for
each given choice y, making computation more demanding.

In the following subsection, we propose a simulation-based estimation method, the
SEM method, to estimate the choice model leveraging the potential outcome framework.5

Our assumptions are that the choice model is identified under the regularity conditions
following Newey and McFadden (1994), ensuring that the targeted estimator (either MLE or
GMM) is consistent and asymptotically normal. The focus on this paper is on the estimation
procedure of the model.

2.2 | SEM Estimation Method

The stochastic EM (SEM) algorithm (Celeux et al., 1996) is a simulated version of the classical
Expectation-Maximization (EM) algorithm (Dempster et al., 1977). As an iterative method,
SEM exchanges between an E-step, where latent variables are sampled from their posterior
distribution conditional on the observables, and an M-step, where we estimate the model
using data and latent draws, until the parameters converge to the stationary distribution.

Based on the potential outcome framework in Equations (3)–(4), we propose the follow-
ing general steps of conducting SEM. Define the latent variable vector y∗ = [y∗1 , ...,y∗K,y∗1,2, ...,y∗K−1,K].
Starting from an initial guess κ̂(0), we iterate over the following two steps for s = 1, 2, ....,S
until convergence to a stationary distribution:
* E-step: Given κ̂(s), draw y∗i from the posterior distribution f(y∗i |yi, xi; κ̂

(s)).

5Alternatively, the framework can also be readily utilized for Bayesian estimation methods, especially given its
similarity to SEM in the sampling of latent variables. However, we will not pursue this further.
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* M-step: Estimate the model using the E-step draws :

κ̂(s+1) = arg min
κ
H(κ;y∗, x)T ×W ×H(κ;y∗, x),

where the known functionH(·) can be either the score functions or the moment restrictions
based on functions g(·), andW is a weighting matrix.

The final estimator is the average of the last S0 iterations, κ̂ =
∑S

s=S−S0+1 κ̂
(s)/S0.

The E-step requires drawing values for y∗k and y∗kj given the observables at parameter
value κ̂(s). In practice, for each observation i, if Equations (3)–(4) imply a unique value of
ui consistent with yi, we recover ui and compute y∗k and y∗kj. If these equations imply a
range of values of ui consistent with yi, we sample ui from the truncated distribution of
fu(u; γ̂(s)) restricted to that range and then compute y∗k and y∗kj.

The M-step estimates the model in Equations (3)–(4) using pseudo-complete data. It
can be either likelihood-based, where H(·) denotes the score function, or moment-based,
where H(·) denotes moment conditions implied by the functions g(·). While a likelihood-
based M-step yields an estimator asymptotically equivalent to the MLE under the regularity
conditions in Nielsen (2000), a moment-based M-step yields an estimator defined by the
specified moment conditions, often offering easier implementation and lower computational
burden (Arcidiacono and Jones, 2003; Arellano and Bonhomme, 2016).

The advantage of SEM is that it avoids complex optimization involving integration over
latent variables and instead consists of a sequence of much simpler M-step estimations
under pseudo-complete data. While its baseline convergence speed may vary depending on
the model, it can be improved, sometimes dramatically from hours to a few minutes, when
combined with techniques such as parameter expansion (i.e., PX-SEM), as discussed in Wei
(2024).

Difference from sequential optimization.
In principle, the sequential optimization can also be rewritten as an artificial potential
outcome framework, albeit with a different set of potential outcomes. Specifically, let y†k
denote local optimizers within each region Sk. The following equations are then satisfied:

g
†
k(y

†
k; x,u,θ) = 0, for 1 ⩽ k ⩽ K, and y =

K∑
k=1

1(y ∈ Sk)y†k.

While this shares the same structural form as our potential outcome framework, it is not
as appealing because each function g†k, as it comes from local optimization, corresponds
to a truncated model (e.g., a Tobit mapping) and inherits the non-smoothness at region
boundaries that characterizes the original choice model. In contrast, our approach intro-
duces latent variables y∗k such that the system gk is smooth and globally valid. Thus,
although the sequential method can be cast in the same formal structure, it does not offer
the computational advantages achieved by our method.

Potential extensions and limitations.
This framework has the potential to be extended to more complex settings, such as panel data
models with unobserved heterogeneity. In such cases, the E-step would require drawing
values for both the introduced potential outcomes and the unobserved heterogeneities. It
also accommodates cases where Sk is unit-specific, as demonstrated in the (S, s) model case
in Section 3. The framework can also be extended to cases where y is a vector, as illustrated
in the empirical application in Section 4 where y is a vector with two entries.
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However, whether this solution and estimation method can be applied to a given
choice model within our framework depends on the feasibility of determining the posterior
distribution of y∗ given y and other observables (i.e., the E-step). For example, when y is
high dimensional—such as in dynamic models involving decisions in multiple periods—or
when there are too many potential outcomes y∗, identifying the specific set of u values
that are consistent with the observed choice can become very complex. While our method
remains theoretically applicable, it may not be practically attractive in such cases. Therefore,
to what extent our method can be applied to complicated dynamic models remains an open
question.

3 | ILLUSTRATIVE EXAMPLES

In this section, we present illustrative examples that fit within our framework.

3.1 | Nonlinear Budget Constraint

First, we consider an example where the piecewise features in the objective function arise
from the nonlinearity of the budget set. Specifically, we illustrate our solution and estimation
methods in the context of responses to progressive income taxation, which induces a
piecewise-linear budget constraint, following (Saez, 2010).

In the following standard static model, agents choose their working hours to maximize
utility from consumption (after-tax income) and leisure, subject to a progressive income
tax. The utility function U(c,y;u, θ) = c−

(
u/(1 + 1/θ)

)
(y/u)(1+1/θ) depends positively

on after-tax income c and negatively on before-tax income y (and thus positively on leisure),
and θ captures the compensated elasticities. Here, u > 0 represents individual-specific
ability, distributed according to fu(u;γ), and κ ≡ [θ;γ] is the unknown parameter vector.
The progressive income tax introduces a kink in the budget set, defined as c = (1− t0)y1(y ⩽
τ) +

(
(t1 − t0)τ+ (1 − t1)y

)
1(y > τ), where t1 > t0, indicating that income below τ is taxed

at rate t0, while income above τ is taxed at the higher rate t1.
The kink at y = τ naturally creates bunching behavior, and the size of the bunching mass

can be exploited to recover elasticity θ (Saez, 2010). While widely used in applied work,
recent literature has pointed out the lack of nonparametric identification from the bunching
mass alone, and the implicit assumptions underlying bunching estimators (Blomquist et al.,
2015, 2021; Bertanha et al., 2023). In what follows, we instead rely on a fully specified struc-
tural model and estimate the underlying parameters using the model-implied likelihood,
applying our solution and estimation methods.

It is straightforward to show that the optimal labor supply y results from the following
optimization problem with a piecewise smooth objective function, satisfying our Assump-
tions 1–3:

y = arg max
y>0

V1(y;u,θ)1(y ⩽ τ) + V2(y;u,θ)1(y > τ), (5)

where V1 = U
(
(1 − t0)y,y;u, θ

)
and V2 = U

(
(t1 − t0)τ+ (1 − t1)y,y;u, θ)

)
. With auxiliary

variables y∗1 , y∗2 , and y∗1,2 defined as y∗1 = (1 − t0)
θu, y∗2 = (1 − t1)

θu, y∗1,2 = τ, and the sets
and subsets defined as S = Sy = {y|y > 0}, S1 = {y|0 < y ⩽ τ}, S2 = {y|y > τ}, Theorem 1
implies that the original optimization problem in Equation (5) can be transformed into the
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following potential outcome framework:

y∗1 = (1 − t0)
θu, y∗2 = (1 − t1)

θu, y∗1,2 = τ (6)

y = y∗1 1(y < τ) + y∗2 1(y > τ) + y∗1,21(y = τ)

where u ∼ fu(u;γ).
We then apply SEM for the estimation. Given the parameter guess κ̂(0), the estimation

proceeds as follows:
* E-step: Draw values for y∗1 and y∗2 from the posterior distribution given y

- For y ∈ So1 , we have y∗1 = y; solve u from y∗1 = (1 − t0)
θ̂(s)

u = y to compute y∗2
- For y ∈ So2 , we have y∗2 = y; solve u from y∗2 = (1 − t1)

θ̂(s)
u = y to compute y∗1

- For y = τ, define Su ≡ {u|τ/(1 − t0)
θ̂(s)

⩽ u ⩽ τ/(1 − t1)
θ̂(s)

} where y∗2 ⩽ τ ⩽ y∗1
leading to a corner solution, draw u from fu(u|u ∈ Su; γ̂(s)) to compute (y∗1 ,y∗2)

* M-step: Update to κ̂(s+1) using y∗1 and y∗2 based on equation sets (6).
The E-step and M-step are iterated until κ̂(s) converges to a stationary distribution. The
final S0 iterations of κ̂(s) are averaged to obtain the final estimator. Appendix A presents
two simulation exercises—one with two kinks and one with covariates—along with their
estimation results from the moment-based M-step.6

3.2 | (S, s) Model

Another example of piecewise structure is provided by models with non-smooth cost
functions, such as piecewise linear costs from block pricing. In this subsection, we focus on
a specific case with a fixed adjustment cost, which leads to the well-known (S, s) rule.7 We
use a simple example to illustrate the microfoundation and show that introducing a fixed
adjustment cost makes the objective a special case of our choice-model framework. We then
propose the SEM algorithm to estimate the resulting (S, s) rule.

Consider a simplified static stock adjustment problem in the context of durable goods:

V(y;y1,u, θ) = U(y;u, θ) − K · 1{y ̸= y1}

where y1 denotes the stock value at the beginning of the period, U(·) is the indirect utility
function, and K > 0 is a fixed adjustment cost. The objective is a special case of our
framework, with a removable discontinuity at y = y1.8 If U(·) is concave and Assumptions
1–3 hold, we can construct two unique potential outcomes: y∗1,2 = y1 and y∗1 = y∗ ≡
arg maxyU(y) −K, of which only one is realized. It is easy to show that the result delivers
the (S, s) rule characterized by a lower bound, an upper bound, and the target value: only
when y1 is below the lower bound or above the upper bound is the adjustment made to the

6The connection between bunching behavior and a censored model has also been noted by Bertanha et al. (2023)
and exploited to propose estimators under different assumptions on fu(u;γ). Our estimation method is
complementary and can be readily applied to their setting.

7Originally introduced in the inventory literature (see Arrow et al. 1951; Scarf 1960), the (S,s) model has also
been applied to study other infrequent adjustments, such as durable goods (Grossman and Laroque 1990;
Caballero 1993; Eberly 1994; Attanasio 2000; Bover 2010; Attanasio et al. 2022; Richard 2024, among others)
and firms’ pricing decisions (e.g., in a recent application by Karadi et al. 2025).

8Here S1 = {y < y1}, S3 = {y > y1}, S2 = S1,2 = S2,3 = {y1}, V1(y) = V3(y) = U(y;x,u,θ)−K, and
V2(y) = U(y;x,u,θ). Note that in this case, the region definitions are individual specific.
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target y∗.9

In the remainder of the subsection, we construct an empirical framework of the (S, s)
model for durable goods adjustment. Following Attanasio (2000) and Bover (2010), we
characterize the lower and upper bounds and the target value flexibly as functions of
observables x and z and unobservables u and ν, for which we then propose the SEM
estimation method. Let y∗ denote the latent target stock value, y the realized stock value,
and bu and bl the unobserved upper and lower thresholds, respectively. The model is
specified as:

y∗ = x ′β+ σu, bu = y∗ + exp(z ′γu +ων), bl = y∗ − exp(z ′γl +ων),

y = ỹ11(b
l < y1 < b

u) + y∗1
(
y1 ⩾ bu or y1 ⩽ bl

)
.

where (u,ν) are jointly standard normal with correlation coefficient ρ. The unknown
parameter vector is κ ≡ [β;γu;γl;σ;ω; ρ].

As the equations indicate, adjustment occurs only when y1 crosses the thresholds bl

or bu, triggering an upward or downward shift to the target level y∗; otherwise, the stock
value evolves to ỹ1, whose dynamics are assumed to be exogenous and of less interest. The
adjustment action is observed and captured by the variable d: d = 1 represents an upgrade,
d = −1 a downgrade, and d = 0 indicates no adjustment (although the value may still
appreciate or depreciate to ỹ1).10

So far we have shown that the (S, s) durable goods model is a natural illustration of
our framework: the fixed adjustment cost makes the objective piecewise smooth, and
the reduced form fits into a potential outcome framework. Thus, it provides a conve-
nient setting to apply the SEM method. Starting from an initial parameter guess κ̂(s) =

[β̂(s); γ̂(s)u ; γ̂(s)l ; σ̂(s); ω̂(s); ρ̂(s)], we iterate the following E-step and M-step until the con-
vergence of κ̂(s) to a stationary distribution:
* E-step: Draw values for y∗ from the posterior distribution given y

- For d = 1 and d = −1, set y∗ = y

- For d = 0, define Suν ≡ {(u,ν)|y1 − exp(z ′γ(s)u +ω(s)ν) < x ′β(s) + σ(s)u < y1 +

exp(z ′γ(s)l +ω(s)ν)}, draw (u,ν) from Φ(u,ν|(u,ν) ∈ Suν), and compute y∗

* M-step: Update to κ̂(s+1) using y∗. For simplicity, we propose the following moment-
based sequential estimation:

- Regress y∗ on x, obtain β̂(s+1) and σ̂(s+1), calculate residuals û
- Probit regression to obtain γ̂(s+1)

l , γ̂(s+1)
u , ρ̂(s+1), and ω̂(s+1) leveraging the following

equation

(
1(d = −1 or d = 1)

∣∣y∗,y1, z,u
)
= Φ

(
1

ω
√

1 − ρ2
log(|y1 − y

∗|)

−
1

ω
√

1 − ρ2
z ′γl1(y∗ > y1) −

1

ω
√

1 − ρ2
z ′γu1(y∗ < y1) −

ρ√
1 − ρ2

u

)

9The (S,s) rule has been shown to be an optimal policy under more general setups (see Scarf 1960; Grossman
and Laroque 1990; Caballero and Engel 1999).

10In this example, the regions Sk are individual-specific, and the stock value without adjustment ỹ1 can vary
over time. Hence d is required to identify which potential outcome is realized.
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After convergence to the stationary distribution, we take the average of the last S0 iterations
of κ̂(s) as the final estimate. Simulation results are presented in Appendix A.

4 | COMPLEMENTARITIES IN RETIREMENT DECISIONS AMONG EU-
ROPEAN COUPLES

In this section, we apply our methods to a nontrivial example: the interdependent duration
model proposed by Honoré and de Paula (2018) (hereafter, HDP). The HDP model can
be viewed as a bivariate extension of the generalized accelerated failure time framework,
accommodating simultaneity in decision-making, with the observed outcome interpreted as
the Nash bargaining solution. The resulting objective function has a piecewise structure
arising from the nonlinear max(·) operator .

While HDP examine joint retirement decisions among U.S. couples using the Health
and Retirement Study (HRS), we instead investigate the joint retirement behavior of Eu-
ropean couples using data from the Survey of Health, Ageing and Retirement in Europe
(SHARE).11,12 Our analysis builds directly on the HDP model but implements the transfor-
mation and estimation methods developed in Section 2.

In the remainder of this section, we first introduce the HDP model, discussing its
piecewise features and the transformation to the potential outcome framework; we then
present the SEM estimation method and the data, followed by the estimation results.

4.1 | The HDP Model

Let t denote the family age. At time t = 0, a household consisting of a wife and a husband
(denotedw and h) determines their optimal retirement times Ti, for i ∈ {w,h}. Each member
i receives an individual constant utility flow ki > 0 before retirement (for t < Ti), reflecting
labor market attachment. Correlation between kw and kh is allowed to capture potential
assortative matching in marriage.

After retirement (for t > Ti), member i receives a partner-dependent utility flow
Hi(t)D(t, T−i), where −i denotes the partner. Here, Hi(t) = Zi(t)φi(x) represents base-
line utility as a deterministic function of family age t and individual characteristics xi.13

We assume Hi(0) = 0 and that Hi(t) is continuous and strictly increasing in t, and that
limt→∞Hi(t) = ∞, reflecting that retirement becomes more attractive over time and is
treated as an absorbing state. The partner’s retirement T−i affects the utility flow through
the scaling factor, D(t, T−i) = (δ− 1)1(t ⩾ T−i) + 1, with δ ⩾ 1. When δ > 1, there is utility
complementarity, scaling the utility flow after retirement by δwhenever both partners are
retired.

Utility function.
Under this setup, the discounted utility of member i, if retiring at ti given their partner’s
retirement time t−i, can be expressed as:

U(ti; xi, ki, t−i) =

∫ti
0
kie

−ρsds+

∫∞
ti

Hi(s)
[
(δ− 1)1(s ⩾ t−i) + 1

]
e−ρsds

11See, e.g., Hospido and Zamarro 2014; Johnsen and Willén 2022; García-Miralles and Leganza 2024; Michaud
et al. 2020 on joint retirement and leisure complementarities.

12Honoré and de Paula (2014) apply the HDP model to SHARE. Our analysis uses updated data and a different
estimation procedure.

13Although Hi(t;xi) depends on xi, we suppress it in the notation.
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where ρ is the discount rate.

Nash Bargaining.
Given realizations of (kw,kh), the couple chooses retirement times through Nash bargaining,
a common approach in the intra-household literature (Chiappori et al., 2012):

(Tw, Th) = arg max
tw,th

(
U(tw; xw, kw, th) −Aw

)
×
(
U(th; xh, kh, tw) −Ah

)
(7)

where Ai denotes the threat point, specified as a fixed fraction of the maximum utility that
individual iwould achieve in the absence of complementarity, following HDP.

If δ = 1, i.e. no utility complementarities, optimal retirement occurs when ki = Hi(Ti),
that is, when Zi(Ti)φi(x) = ki. Assuming ki follows an exponential distribution with
mean 1, Zi(t) = t

αi , and φi(x) = exp(x ′βi), the solution reduces to a Weibull proportional
hazards model. By contrast, if δ > 1, an individual may deviate from the above condition to
benefit from complementarities, generating joint retirement patterns.

4.2 | Piecewise Structure and the Potential Outcome Framework

We now show that the objective function of the Nash bargaining problem in Equation (7),
denoted by V(tw, th), is piecewise smooth and fits into our general framework.

Define H̃i(t) ≡
∫∞
t Hi(s)e

−ρsds andGi(t) ≡
∫t

0 kie
−ρsds+

∫∞
t Hi(s)e

−ρsds = kiρ
−1(1−

e−ρt) + H̃i(t). Then Equation (7) can be rewritten as:

(Tw, Th) = arg max
(tw,th)

(
Gw(tw) + (δ− 1)H̃w

(
max(tw, th)

)
−Aw

)
×
(
Gh(th) + (δ− 1)H̃h

(
max(tw, th)

)
−Ah

)
.

The presence of the nonlinear max(·) operator makes the objective function piecewise
defined. Specifically, depending on whether tw > th or tw < th, the functional form of
V(tw, th) differs:

V(tw, th) = 1(tw ⩾ th)Vw(tw, th) + 1(tw < th)Vh(tw, th), (8)

where

Vw(tw, th) =
(
Gw(tw) + (δ− 1)H̃w

(
tw
)
−Aw

)
×
(
Gh(th) + (δ− 1)H̃h

(
tw
)
−Ah

)
,

Vh(tw, th) =
(
Gw(tw) + (δ− 1)H̃w

(
th
)
−Aw

)
×
(
Gh(th) + (δ− 1)H̃h

(
th
)
−Ah

)
,

with the objective function on the common boundary tw = th given by:

Vj(t, t) ≡
(
Gw(t) + (δ− 1)H̃w(t) −Aw

)(
Gh(t) + (δ− 1)H̃h(t) −Ah

)
.

Appendix B verifies that this model satisfies Assumptions 1–3. In particular, it shows that
the auxiliary functions Vw(tw, th) and Vh(tw, th) possess no local maximizers other than
unique global ones, which are further characterized by the first-order conditions. Specif-
ically, let opw ≡ (Tww , Twh ) and oph ≡ (Thw, Thh ) denote the optimizers of Vw(tw, th) and
Vh(tw, th), respectively; that is, opw = arg max(tw,th) Vw(tw, th), oph = arg max(tw,th) Vh(tw, th).
Then the conditions that opw and oph must satisfy are given below, with the detailed deriva-



LANE ET AL. 15

tions provided in Appendix B:

gw(opw) ≡
[

Twh −H−1
h (kh)

ψ(Tww , Twh , xw, xh, kw, kh)

]
= 0, (9)

gh(oph) ≡
[

Thw −H−1
w (kw)

ψ(Thh , Thw, xh, xw, kh, kw)

]
= 0, (10)

whereψ(tw, th, xw, xh,kw,kh) ≡ Hh(tw)e−ρtw(1−δ)×
(
Gw(tw)+(δ−1)H̃w(tw)−Aw

)
+(

Gh(th) + (δ− 1)H̃h

(
tw
)
−Ah

)
× (kwe

−ρtw −Hw(tw)δe−ρtw).
Moreover, let opj ≡ (T j, T j) denote the local optimizer along the boundary tw = th.

Appendix B characterizes the condition that opj must satisfy:

gj(opj) ≡ η(T j, T j, xw, xh, kw, kh) = 0, (11)

where η(t, t, xw, xh,kw,kh) = (kw−δHw(t))(Gh(t)+(δ−1)H̃h(t)−Ah)+(kh−δHh(t))(Gw(t)+

(δ− 1)H̃w(t) −Aw).

The potential outcome framework.
Applying Theorem 1, we can now transform the original Nash bargaining problem into the
following potential outcome framework:

gw(opw) = 0, gh(oph) = 0, gj(opj) = 0,

(Tw, Th) = opw1(Tw > Th) + oph1(Tw < Th) + opj1(Tw = Th), (12)

where the unknown parameters include the function Hi(·), the complementary parameter δ,
and the joint distribution of (kw, kh).

As before, we can interpret opw, oph, and opj as three pairs of artificial potential choices
available to each household, from which each household selects the optimal one among
these finite options. For researchers, only the realized selection outcome is observed. This
framework, with the introduced latent variables opw, oph, and opj, facilitates the SEM
estimation method, which will be discussed in the following subsection.

As for the identification of the model, a detailed discussion and complete proof are
provided by Honoré and de Paula (2018). The intuition behind the identification is as
follows. For individuals whose partner’s optimal retirement time is effectively infinite—
due to very small values of φ(x)—their retirement decisions are approximately individual
decisions and can thus be used to identify the function Hi(·). Conversely, for individuals
whose partner’s optimal retirement time is effectively zero—due to very large values of
φ(x)—their retirement decisions help identify δ. The identification of Hi(·) and δ then
allows the recovery of the household-specific values of kw and kh, and thus the joint
distribution of (kw, kh).

4.3 | Estimation

This section explains the estimation process. We begin by describing the empirical specifica-
tion and then discuss the estimation method.
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Empirical Specification.
We specify the functional form of Hi(t) by setting Zi(t) = tαi and φi(x) = exp(x ′βi),
which gives Hi(t) = tαi exp(x ′βi).14 Following the HDP model, we allow for positive
dependence between kw and kh via the Clayton copula. With Exp(1) margins for kw and
kh, the joint survivor function is

S(kw, kh; τ) =

exp(−kw) exp(−kh), if τ = 0,(
exp(−kw)−τ + exp(−kh)−τ − 1

)−1/τ, if τ > 0,
(13)

where τ = 0 implies independence and τ > 0 induces positive dependence.
Although the model is fully parameterized, direct MLE is challenging because the

likelihood function has no closed form and involves integrals arising from joint retirement
and right-censoring. Specifically, for any given (Tw, Th), the solution for (kw,kh) obtained
from systems (9–11) has no closed form because of the functions ψ(·) and η(·). Moreover,
under joint retirement (Tw = Th) or right-censoring, where only lower bounds of Tw and/or
Th are observed, the solution is no longer unique, with a set of potential (kw,kh) values
consistent with (Tw, Th). Consequently, deriving the likelihood function requires integrating
over all feasible values of (kw, kh).

The SEM Algorithm.
In the remaining subsection, we discuss the SEM algorithm adapted to this model, leverag-
ing the potential outcomes framework (Equation system 12). Our E-step uses both direct
sampling and MCMC, and the M-step maximizes moment conditions implied by the model,
incorporating the parameter-expansion technique of Wei (2024) to accelerate convergence.

Let κ ≡ [αw β ′
w αh β

′
h δ τ]

′ denote the vector of unknown parameters. Starting from an
initial guess κ̂(0), we iterate between an E-step, where values of opw, oph are drawn from
the posterior distribution implied by system (12) given the parameter guess κ̂(s), and an
M-step, where both the observables and the E-step draws are used to update the parameter
guess to κ̂(s+1), until the convergence to the stationary distribution.

E-step. The specific approach for sampling opw, oph depends on the retirement type
and whether censoring is present. The following paragraphs briefly outline the sampling
process, with detailed procedures provided in Appendix C.
* Sequential retirement, no censoring (Tw > Th, or Tw < Th): Given the parameter guess κ̂(s),

the potential outcome framework in the system (12) identifies the unique pair of kw and
kh, which can be used to compute values for all the latent variables.

* Joint retirement, no censoring (Tw = Th): Let Tw = Th = t∗. System (12) implies opj =

(t∗, t∗). With two unknowns, kw and kh, but only one condition, gj(opj; κ̂(s)) = 0, there
exists a set of (kw,kh) satisfying the equation. However, natural bounds arise from
the sequential-retirement limits, where one partner retires at Ti = t∗ and the other at
T−i = t

∗ +∆, with ∆→ +0. Solving gw(t∗ +∆, t∗; κ̂(s)) = 0 and gh(t∗, t∗ +∆; κ̂(s)) = 0
yields these bounds (Appendix C). Figure 1a illustrates the feasible set: the blue segment,
possibly curved, represents all admissible (kw,kh), with endpoints at the boundary
cases. We then draw one (kw,kh) pair from this set for each household via MCMC, with
probabilities proportional to the joint distribution implied by Equation (13), to compute
opw, oph, and opj.

* Right censored: When only the time of the couple’s first retirement is observed, the case
still corresponds to sequential retirement. For example, when we observe Tw = t∗1 and

14Unlike the HDP model, we simplify Zi(t) by removing jumps at the retirement age. This simplification does
not affect the estimation algorithm.
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Th > t
∗
2 ⩾ t∗1 , System (12) then implies oph = (Tw, Th) and gh(oph; κ̂(s)) = 0. We can

therefore solve for a unique kw and a lower bound for kh. By directly sampling kh from
the truncated conditional distribution given kw, we can then compute the corresponding
values of oph, opw, and opj.
When both retirement times are censored (Tw > t∗, Th > t∗), the case may correspond to
either sequential or joint retirement. Leveraging system (12), we solve for the feasible set
of (kw,kh). While detailed discussions are in Appendix C, Figure 1b depicts the feasible
set: the blue area represents all possible (kw,kh), with its boundary corresponding to the
sequential retirement limits, where one partner retires at Ti = t∗ and the other later at
T−i > t

∗ for i = {w,h}, as well as the joint retirement limit with Tw = Th = t∗. In this
case, we use rejection sampling: draw (kw,kh) from the joint distribution and accept the
draw within the feasible set. Using these draws, we compute opw, oph, and opj.
M-step. We update κ̂(s+1) using both the data and the E-step draws of opw and oph.

Specifically, we conduct sequential estimation to alleviate the computational burden.
* α̂

(s+1)
i and β̂(s+1)

i : Taking advantage of the fact that Twh in opw and Thw in oph sat-
isfy Twh = H−1

h (kh) and Thw = H−1
w (kw), respectively (systems 9–10), we estimate the

following log-linear specification by OLS, since there is no censoring.15

log(T−i
i ) = −

1
αi
x ′βi +

1
αi

log(ki) for i ∈ {w,h}.

Here,
(

log(ki)
∣∣x) = −γ and

(
log(ki)

∣∣x) = π2/6, with γ denoting the Euler-Mascheroni
constant.

* τ̂(s+1) and δ̂(s+1): We update the copula-dependence parameter τ and the complementar-
ity parameter δ by matching the moment conditions implied by the joint distribution of
(kw,kh). While Appendix C details the moment-matching criterion and implementation,
we outline the main steps here.
Given α̂(s+1)

i and β̂(s+1)
i , for each candidate value of δ we obtain the residual pair

(kw,kh) from the equations gw(opw) = 0, gh(oph) = 0, and gj(opj) = 0, and compute
the implied Clayton-copula dependence parameter

τ̂(δ) =
2Kendall

(
kw(δ),kh(δ)

)
1 −Kendall

(
kw(δ),kh(δ)

) ,

where Kendall denotes Kendall’s rank correlation.
Since the joint moments of (kw,kh) under a non-zero Clayton copula lack closed-form
expressions, we apply the Rosenblatt transformation (Rosenblatt, 1952) to map the de-
pendent pair into independent variables (k̃w(τ̂), k̃h(τ̂)), whose moments are known. The
values of (δ̂(s+1), τ̂(s+1)) are then chosen such that the empirical moments of (k̃w, k̃h)
match their theoretical counterparts.

* Extra step: The baseline M-step described above yields a consistent and computationally
efficient SEM estimator. In practice, however, when the sample is small or right-censoring
is extensive, the M-step updates for δ often exhibit high volatility across iterations, and
the resulting SEM estimates display greater dispersion around the true parameter values
in finite samples. To improve stability and precision in such cases, we augment the M-step
with an additional unconditional moment condition that matches the model-implied
share of joint retirements in the M-step to the empirical share implied by the E-step

15Alternatively, one could estimate two separate Weibull proportional-hazard models by maximum likelihood.
We use the moment-based specification for simplicity and because it tends to be more stable and robust when
the E-step draws deviate from the model assumptions; see Wei (2024) for discussion.
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draws. This auxiliary restriction both sharpens the identification of δ and regularizes its
update, substantially improving the stability of the M-step and the precision of the SEM
estimator without altering the asymptotic target. Although the additional step adds to
the computation time relative to the baseline SEM, the overall algorithm remains highly
efficient with multithreaded implementation.16 Detailed procedures and simulation
exercises are provided in Appendix C.

After convergence to the stationary distribution, the final estimate is obtained by averaging
the last S0 iterations of κ̂(s).

F I G U R E 1 Feasible sets for (kw, kh)

(a) Joint retirement, Tw = Th = t∗

kw

kh

Th < Tw

Tw < Th

Tw = Th

Tw = Th = t∗

(b) Right censored with Tw > t∗, Th > t∗

kw

kh

Th < Tw

Tw < Th

Tw = Th

Tw = Th = t∗

2 Notes: The figures illustrate retirement decisions based on (kw,kh) values. The upper and lower
sections, divided by the dashed line, represent regions of sequential retirement, while the middle

shows joint retirement. The blue line in the left figure (possibly curved) indicates all possible
(kw, kh) consistent with data. The right figure depicts the (kw, kh) region when both partners’

retirement times are censored at t∗.

16Replicating HDP on HRS yields a similar estimate, δ = 1.058 (without jumps in Zi(t) and with 42 coefficients).
The SEM converges within 30 seconds, and 200 iterations take about 9 minutes, on par with the enhanced
algorithm in Forneron (2023), who report that the original HDP procedure can take more than 5 hours to
estimate 30 coefficients, whereas their improved method takes about 13 minutes.



LANE ET AL. 19

4.4 | Data

We use data from the Survey of Health, Ageing and Retirement in Europe (SHARE), a
multidisciplinary biennial panel survey launched in 2004 that collects detailed information
on the health, socioeconomic status, and social networks of individuals aged 50 and above
across European countries and Israel. In the rest of this subsection, we describe the data-
model variable mapping and sample selection.

The reference time corresponding to family age t = 0 is set as twelve months before the
first individual in the household reaches the early retirement age in their country. With
this definition, we can then measure, for each member, the number of months after that
reference point at which they retire or become right-censored, denoted t = Ti.17 We use
this mapping because retirement eligibility and timing vary substantially across European
countries. In the model, t = 0 corresponds to the moment when the household makes its
retirement decision; fixing a common chronological age (e.g., 55) as the reference point
would misalign the model with institutional realities in countries where retirement typically
occurs later, such as around age 65.

Other control variables include the individual’s age at period t = 0, the age difference
between spouses (husband’s age minus wife’s age, in years), education level (primary,
secondary, or tertiary, following the ISCED classification), a self-reported health indicator,
the number of grandchildren, the number of children, household wealth, and regional
dummies (Southern Europe, Eastern Europe, and Northern Europe).18,19

We restrict to couples in which both partners are in the labor force at t = 0.20 We also
exclude households in which any member was ever enrolled in a disability pension, as their
decision-making process may differ, and households with missing information. Using data
from 2006–2020 (waves 2–8, excluding wave 3), we obtain a sample of 1969 couples from 19
countries.21Appendix D presents summary statistics.

4.5 | Results

Leveraging the potential outcome framework, we estimate the HDP model using the SEM
algorithm. As shown in Appendix D, the M-step updates converge rapidly—within a few
iterations and in about one to two minutes. In total, we run 200 iterations, which take
roughly 15 minutes, and average the last 100 updates to obtain the final estimates reported
in Table 1. Additional results on model fit are provided in Appendix D.

Turning to the estimation results, Table 1 shows that the shape parameters αw and αh
are both greater than one, indicating that the exit rate accelerates with time. We also find
substantial heterogeneity in retirement behavior across households.

Specifically, older households at the reference time tend to retire earlier. Consistent with
Honoré and de Paula (2018), age differences increase the retirement hazard for husbands but

17Retirement is defined based on employment status: self-reported as "retired" and not working for pay. The
retirement timing is determined using the retrospective retirement year and month.

18Household wealth is defined as the total value of bank accounts, government and corporate bonds, stocks,
mutual funds, individual retirement accounts, and contractual savings for housing and life insurance, minus
financial liabilities.

19For all time-varying variables, the value at t = 0 is used. When the value is missing, we approximate with the
value in the nearest two waves.

20This restriction substantially reduces the sample size and may make the sample less representative for some
countries, as a large proportion of women either never worked or left the labor force before age 50 (Hospido
and Zamarro, 2014).

21Austria, Belgium, Croatia, Czech Republic, Denmark, Estonia, France, Germany, Greece, Hungary, Italy,
Luxembourg, Netherlands, Poland, Portugal, Slovenia, Spain, Switzerland, Sweden. Wave 3 is excluded due
to its different setup.
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reduce it for wives. Education has a significant effect on husbands’ retirement timing—more
educated husbands retire later—while the effect is not significant for wives. Poor health
has no significant effect for either spouse, likely because the sample excludes individuals
who have ever received disability-related pensions, resulting in a relatively healthy sample.
Having more grandchildren tends to accelerate wives’ retirement but has no significant
effect on husbands. We also observe substantial regional heterogeneity for both spouses.22

Overall, the results are consistent with the HDP estimates using U.S. data.
The estimated complementarity parameter is δ = 1.062 (compared with 1.04-1.07 in

HDP), implying that the utility flow from retirement increases by about 6% when one’s
partner retires. The copula dependence parameter τ is approximately 0.7 (versus 0.5 in
HDP), corresponding to a Kendall’s rank correlation of roughly 0.26.23

22The interpretation of regional effects is less straightforward, since countries differ in the definition of the
reference period (t = 0) and in sample composition.

23Honoré and de Paula (2014) with SHARE data find τ ≈ 0.77 and δ ≈ 1.0, using a different sample selection,
controls, reference-age definition, and estimation method.
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Variable (wives) Coef. Variable (husbands) Coef.

αw 1.756 αh 1.603

(0.098) (0.072)

Constant -8.333 Constant -6.492

(0.404) (0.295)

Aget0 0.939 Aget0 0.691

(0.085) (0.06)

Age gap -0.049 Age gap 0.037

(0.025) (0.016)

Primary edu 0.051 Primary edu 0.554

(0.184) (0.221)

Tertiary edu -0.163 Tertiary edu -0.462

(0.135) (0.109)

Poor health -0.27 Poor health -0.169

(0.139) (0.126)

Number of grandchildren 0.096 Number of grandchildren 0.025

(0.039) (0.024)

Number of children -0.003 Number of children -0.021

(0.051) (0.044)

HH wealth -0.681 HH wealth -0.301

(0.512) ( 0.525)

HH wealth squared 0.016 HH wealth squared 0.007

(1.158) (1.218)

South Europe -1.009 South Europe -1.215

(0.254) (0.187)

East Europe 0.586 East Europe -0.765

(0.159) (0.133)

North Europe -0.7 North Europe -1.249

(0.125) (0.125)

δ 1.062 τ 0.732

(0.013) (0.119)

TA B L E 1 Estimation results for the joint retirement model

2 Notes: The table reports parameter estimates with bootstrap standard errors (100 replications) in
parentheses. The left column shows results for wives, and the right column for husbands. Both age at
t = 0 and HH wealth measures are standardized. The discount rate is set to ρ = 0.004 and threat
points are set at 60% of the maximum utility an individual would achieve without complementarity,
following Honoré and de Paula (2018).
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To further interpret the complementarity effect, we conduct a simple counterfactual
experiment by comparing the estimated model with a scenario without complementarity
(δ = 1). The results suggest that complementarity reduces the median retirement age by
approximately 5 months for wives and 2 months for husbands.

5 | CONCLUSIONS

This paper studies optimization and estimation methods for choice models with piecewise
smooth objective functions. Specifically, we establish conditions under which a choice
model can be transformed into a reduced form resembling a censored model, whose po-
tential outcomes are well-defined latent variables derived from auxiliary functions. This
transformation not only provides an alternative solution method but also facilitates the
implementation of the SEM algorithm for the estimation.

We present two examples to illustrate our methods: 1) responses to tax and transfers,
and 2) the (S, s) model. Additionally, by applying our methods, we empirically estimate the
interdependent duration model in Honoré and de Paula (2018) using the SHARE data to
study joint retirement decisions among European couples. The results provide empirical
evidence of complementarities between couples in their retirement processes.
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Appendix

A | SIMULATION RESULTS

In this section, we present the simulation results for the 1) kinked budget constraint and 2)
(S, s) model discussed in Section 3.

A.1 | Kinked Budget Constraint Simulation Results

We conduct two simulation exercises. In both exercises, the DGP is the choice model
described in Section A. In the first exercise we allow for two kinks by setting three different
local marginal tax rates, t0 = 0.2, t1 = 0.3, t2 = 0.5, separated by thresholds τ1 = 1.5
and τ2 = 2.5. We set the true elasticity parameter θ = 0.3, and draw u from a log-normal
distribution, log(u) ∼ N(0,σ2), where σ = 0.8. In the M-step, we can update parameter
values by θ̂(s+1) = (̂y∗1)/ log(1 − t1) and σ̂ = (̂y∗1).

Figure A1 presents the estimation results of one simulation with N = 5000. We plot the
M-step updates of θ̂ and σ̂ for 100 iterations. The orange solid line depicts each update of
SEM starting from a set of random initial guess, whereas the blue dashed line represents
the true value. It is straightforward that SEM updates moves immediately toward the true
value and the final estimates are the average of the last 20 iterations, represented by the
orange diamond. The whole process takes less than one second.

In the second exercise, we add covariates such that the utility functions takes the form

U(c,y;u, θ) = c−
u exp(x ′β)

1 + 1/θ

( y

u exp(x ′β)

)1+1/θ

following Bertanha et al. (2023). We set t0 = 0.2, t1 = 0.3, τ = 1.5, β1 = 0.1, β2 = 0.3,
and true elasticity parameter θ = 0.3. Similarly, draw u from a log-normal distribution,
log(u) ∼ N(0,σ2), where σ = 0.8. In the M-step, we update the parameter values of β and θ
by regressing [y∗1

′ y∗2
′ ] ′ on

[
12 ⊗ x [log(1 − t0), log(1 − t1)]

′ ⊗ 1N
]

and estimate σ as the
standard deviation of the resulting residuals, where 1m denotes an m× 1 vector of ones
and ⊗ denotes the Kronecker product.

Figure A2 presents the estimation results of one simulation with N = 5000. We observe
a similar pattern as previous case, that is all M-step updates move immediately toward to
the true value and converges after only a few iterations. In terms of total running time, the
whole process takes less than one second.1

1The results are obtained using a Mac Studio (Apple M2 Ultra) with a single processor core.
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(a) θ (b) σ

F I G U R E A 1 SEM iteration of θ̂ and σ̂ from a random initial guess
2 Note: Iterations of SEM (orange line) based on direct sampling, compared with the true value
(blue dashed line). SEM estimates (orange diamond) are calculated as the average of the last 20

iterations. N = 5000.

(a) θ (b) σ

(c) β1 (d) β2

F I G U R E A 2 SEM iteration of θ, σ, and β from a random initial guess
2 Note: Iterations of SEM (orange line) based on direct sampling, compared with the true value
(blue dashed line). SEM estimates (orange diamond) are calculated as the average of the last 20

iterations. N = 5000.
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A.2 | (S, s) Model Simulation Results

We conduct a simulation exercise of the (S, s) model based on the specification in Section 3,
using the following true parameter values: β = [1.5; 0.5], γℓ = [−1.6; 0.7], γu = [−1.3; 0.6],
ω = 1.2, σ = 0.7, and ρ = 0.5, with a sample size of N = 5000. To complete the model, we
assume that x = z ∼ N(0, 1).

Starting from a set of random initial guesses (i.e., draws from a uniform distribution),
we perform the SEM algorithm for 500 iterations, following the procedure proposed in
Section 3. Specifically, in the M-step, instead of maximizing the joint likelihood, we update
parameters separately. Treating the E-step draws y∗ as observables, we estimate β and σ
by linear regression, and obtain the residuals û. Next, we update γℓ and γu through two
separate Probit regressions of 1(d ̸= 0) on z, log(|y∗ − y1|), and û, using the subsamples
with y∗ < y1 and y∗ > y1, respectively. Finally, we update ρ and ω based on a Probit
regression using the full sample, given γℓ and γu, where the Probit regression is of 1(d ̸= 0)
on log(|y∗ − y1|) − zγ̂ℓ1(y∗ > y1) − zγ̂u1(y∗ < y1) and û.

Figure A3 presents the estimation results of our simulation exercise. Similarly, the
orange solid line depicts each update of SEM M-step updates, whereas the blue dashed line
represents the true value. From the figure, we can see that all the updates approaches to the
true values within 100 iterations. We take the average of the last 300 iterations as our final
estimates. The whole process for running 500 iterations takes around 25 seconds.2

(a) β0 (b) β1 (c) γl1

(d) γl2 (e) γu1 (f) γu2

(g)ω (h) σ (i) ρ

F I G U R E A 3 SEM iteration of θ, σ, and β from a random initial guess
2 Note: Iterations of SEM (orange line) based on direct sampling, compared with the true value
(blue dashed line). SEM estimates (orange diamond) are calculated as the average of the last 300

iterations. N = 5000.
2The results are obtained using a Mac Studio (Apple M2 Ultra) with a single processor core.
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B | AUXILIARY FUNCTIONS AND VARIABLES IN HDP MODEL

In this section, we verify that the following objective function of the HDP model satisfies
Assumptions 1-3:

V(tw, th) =
(
Gw(tw) + (δ− 1)H̃w

(
max(tw, th)

)
−Aw

)
×
(
Gh(th) + (δ− 1)H̃h

(
max(tw, th)

)
−Ah

)
.

where H̃i(t) ≡
∫∞
t Hi(s)e

−ρsds and Gi(t) ≡
∫t

0 kie
−ρsds+

∫∞
t Hi(s)e

−ρsds = kiρ
−1(1 −

e−ρt) + H̃i(t).
Throughout this appendix we assume that, for each i ∈ {w,h}, the function Hi(t) is

continuous, strictly increasing with Hi(0) = 0, and satisfies limt→∞Hi(t) = ∞. Under
these conditions, for any ki > 0 and δ ⩾ 1, the functions ki −Hi(t) and ki − δHi(t) each
have a unique root on (0,∞).

Feasible set.
We first define the feasible set Sy. Besides the basic conditions tw > 0 and th > 0, we must
ensure that both components of V(tw, th) are positive. Accordingly, in the region tw ⩾ th >
0, we require Gw(tw) + (δ− 1)H̃w(tw) −Aw > 0 and Gh(th) + (δ− 1)Hh(tw) −Ah > 0;
whereas in the region 0 < tw < th, we require Gh(th) + (δ − 1)H̃h(th) −Ah > 0 and
Gw(tw) + (δ− 1)H̃w(th) −Aw > 0. Hence,

Sy ≡
{
(tw, th) : tw ⩾ th > 0, Gw(tw) + (δ− 1) H̃w(tw) −Aw > 0,

Gh(th) + (δ− 1) H̃h(tw) −Ah > 0
}

∪
{
(tw, th) : 0 < tw < th, Gh(th) + (δ− 1) H̃h(th) −Ah > 0,

Gw(tw) + (δ− 1) H̃w(th) −Aw > 0
}

.

Moreover, since H̃i(t) is monotonically decreasing in t, we have, in the region tw ⩾ th > 0,

Gw(tw) + (δ− 1) H̃w(th) −Aw ⩾ Gw(tw) + (δ− 1) H̃w(tw) −Aw > 0,

Gh(th) + (δ− 1) H̃h(th) −Ah ⩾ Gh(th) + (δ− 1) H̃h(tw) −Ah > 0.

Similarly, in the region 0 < tw < th, we have

Gh(th) + (δ− 1) H̃h(tw) −Ah ⩾ Gh(th) + (δ− 1) H̃h(th) −Ah > 0,

Gw(tw) + (δ− 1) H̃w(tw) −Aw ⩾ Gw(tw) + (δ− 1) H̃w(th) −Aw > 0.

Therefore, within the feasible set Sy, we have

Gi(ti) + (δ− 1) H̃i(ti) −Ai > 0 and Gi(ti) + (δ− 1) H̃i(t−i) −Ai > 0, ∀ i ∈ {w,h}.

Assumption 1.
This assumption imposes a regularity condition ensuring the existence of a unique max-
imizer within the feasible set Sy. Since V(tw, th) is continuous on Sy and has a unique
maximizer in each region (as implied by Assumptions 2–3 in the remaining part), and since
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the objective value depends on the random shocks kw and kh, the global maximizer exists
and is unique almost surely.

Assumption 2.
We now turn to Assumption 2. Specifically, we verify that the following two auxiliary
functions are unimodal and characterize their global optimizers:

Vw(tw, th) ≡
(
Gw(tw) + (δ− 1)H̃w(tw) −Aw

)(
Gh(th) + (δ− 1)H̃h(tw) −Ah

)
,

Vh(tw, th) ≡
(
Gw(tw) + (δ− 1)H̃w(th) −Aw

)(
Gh(th) + (δ− 1)H̃h(th) −Ah

)
.

We take Vw(tw, th) as an example; the same reasoning applies to Vh(tw, th). For the
auxiliary function Vw(tw, th), the derivative with respect to th is

∂Vw(tw, th)
∂th

=
(
khe

−ρth −Hh(th)e
−ρth

)
×
(
Gw(tw) + (δ− 1)H̃w(tw) −Aw

)
.

One can verify that, within the subset Sy where the second term remains positive, and for
any given tw, as th increases from its smallest feasible value in Sy, the function Vw(tw, th)
first increases and then decreases monotonically along the th direction.

The derivative with respect to tw is slightly more involved:

∂Vw(tw, th)
∂tw

=
(
kwe

−ρtw − δHw(tw)e−ρtw
)︸ ︷︷ ︸

(i) as tw increases,>0→=0→<0

×
(
Gh(th) + (δ− 1)H̃h(tw) −Ah

)︸ ︷︷ ︸
(ii)>0

+
(
Gw(tw) + (δ− 1)H̃w(tw) −Aw

)︸ ︷︷ ︸
(iii)>0

×
(
− (δ− 1)Hh(tw)e−ρtw

)︸ ︷︷ ︸
(iv)⩽0

.

Within the subset Sy, for any given value of th, the term (i)× (ii) changes from positive
to negative as tw increases, whereas the term (iii)× (iv) remains negative. Moreover, when
tw is small, Hh(tw) is close to zero, while kw − δHw(tw) is close to kw, and thus term (i)

dominates term (iv). Therefore, for a fixed th, as tw increases from its smallest feasible
value, the function Vw(tw, th) first increases and then decreases.

We now characterize its optimizer over the domain Sy. The optimizer opw ≡ (Tww , Twh )

needs to satisfy

∂Vw(Tww , Twh )

∂tw
= 0 and

∂Vw(Tww , Twh )

∂th
= 0.

Moreover, since Gw(tw) + (δ− 1)H̃w(tw) −Aw > 0 on Sy, the first-order condition with
respect to th simplifies to kh = Hh(T

w
h ), and the first-order condition can be written

compactly as

gw(opw) ≡
[

Twh −H−1
h (kh)

ψ(Tww , Twh , xw, xh, kw, kh)

]
= 0,

whereψ(tw, th, xw, xh,kw,kh) ≡ Hh(tw)e−ρtw(1−δ)×
(
Gw(tw)+(δ−1)H̃w(tw)−Aw

)
+(

Gh(th) + (δ− 1)H̃h

(
tw
)
−Ah

)
× (kwe

−ρtw −Hw(tw)δe−ρtw).
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Assumption 3.
The objective function on the common boundary is

Vj(t, t) ≡
(
Gw(t) + (δ− 1)H̃w(t) −Aw

)(
Gh(t) + (δ− 1)H̃h(t) −Ah

)
.

It follows that the first-order condition is:

∂Vj(t, t)
∂t

≡
(
kwe

−ρt − δHw(t)e−ρt
)(
Gh(t) + (δ− 1)H̃h(t) −Ah

)
+
(
Gw(t) + (δ− 1)H̃w(t) −Aw

)(
khe

−ρt − δHh(t)e
−ρt

)
.

Starting from small values of t, the function Vj(t, t) first increases and then decreases.
The optimizer opj ≡ (T j, T j) for the function Vj(t, t) must satisfy

gj(opj) ≡ η(T j, T j, xw, xh, kw, kh) = 0,

where η(t, t, xw, xh,kw,kh) = (kw−δHw(t))(Gh(t)+(δ−1)H̃h(t)−Ah)+(kh−δHh(t))(Gw(t)+

(δ− 1)H̃w(t) −Aw).

C | SEM PROCEDURES AND SIMULATIONS FOR HDP MODEL

In this appendix, we begin with explaining the SEM algorithm for the HDP model and then
present simulation results.

C.1 | SEM algorithm

First, we detail the SEM procedure to draw from the following framework:

gw(opw) ≡
[

Twh −H−1
h (kh;αh,βh)

ψ(Tww , Twh , xw, xh, kw, kh;αw,βw,αh,βh, δ)

]
= 0, (C1)

gh(oph) ≡
[

Thw −H−1
w (kw;αw,βw)

ψ(Thh , Thw, xh, xw, kh, kw;αw,βw,αh,βh, δ)

]
= 0, (C2)

gj(opj) ≡ η(T j, T j, xw, xh, kw, kh;αw,βw,αh,βh, δ) = 0, (C3)

(Tw, Th) = opw1(Tw > Th) + oph1(Tw < Th) + opj1(Tw = Th), (C4)

where (kw,kh) follow Exp(1) marginal distributions with Clayton copula dependence
parameter τ.

The unknown parameter vector is κ ≡ [αw β ′
w αh β

′
h δ τ]

′, and the latent variables are
opw = (Tww , Twh ), oph = (Thw, Thh ), and opj = (T j, T j). In the E-step, given the current param-
eter guess κ̂(s), we draw opw, oph, and opj from their posterior f

(
opw,oph,opj

∣∣Tw, Th, xw, xh; κ̂(s)
)
.

In the M-step, these draws, together with the observables, are used to update the parame-
ters to κ̂(s+1). Starting from κ̂(0), we iterate the E- and M-steps for S iterations until κ̂(s)

converges to a stationary distribution. The final estimator averages the last S0 iterates:
κ̂ =

∑S
s=S−S0+1 κ̂

(s)/S0.

E-step.

The sampling approach for opw, oph, and opj from their posterior distribution, given κ̂(s),
depends on the retirement type and on whether censoring is present.
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Sequential retirement, no censoring (Tw > Th or Tw < Th): Consider the case Tw > Th.
Equation (C4) immediately implies opw = (Tw, Th). Given the current parameter guess
κ̂(s), and using gw(opw) = 0, we can solve for the unique pair (kw,kh). Once kw and kh
are obtained, oph and opj can be computed through gh(oph) = 0 and gj(opj) = 0. For the
opposite case, Tw < Th, we have oph = (Tw, Th). Using gh(oph) = 0, we similarly solve
for the unique (kw, kh) and then compute opw and opj.

Joint retirement, no censoring (Tw = Th): Equation (C4) implies opj = (Tw, Th), and thus
kw and kh must satisfy gj(opj) = 0, which admits infinitely many combinations of (kw,kh).
However, natural lower and upper bounds exist for this set. Let the observed retirement
time be Tw = Th = t∗. The first boundary case occurs when the wife retires at Tw = t∗, and
the husband retires almost simultaneously at Th = t∗ +∆with ∆→ +0. The lower bound
of kw, denoted klw, is obtained from gh(t

∗, t∗) = 0, specifically,

t∗ = H−1
w (klw).

The other boundary case occurs when the husband retires first at Th = t∗, and the wife
retires almost simultaneously at Tw = t∗ +∆with ∆→ +0. The upper bound kuw is solved
from gw(t∗, t∗) = 0, specifically,

ψ(t∗, t∗, xw, xh, kuw,Hh(t
∗)) = 0.

The left panel of Figure C1 illustrates these boundaries.
Then, for each household, we randomly draw one pair (kw,kh) that satisfies gj(opj) = 0

with klw ⩽ kw ⩽ kuw, and with probabilities proportional to the joint distribution of (kw,kh).
The random draw is implemented using the Metropolis–Hastings algorithm, discarding

the first 100 draws as burn-in and targeting an acceptance rate between 20 − 40%. Once
kw and kh are obtained, opw and oph are computed from the equations gw(opw) = 0 and
gh(oph) = 0.
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F I G U R E C 1 Feasible sets for (kw, kh)

(a) Joint retirement, Tw = Th = t∗

kw

kh

Th < Tw

Tw < Th

Tw = Th

Tw = Th = t∗

kuwklw

(b) Right censored with Tw > t∗, Th > t∗

kw

kh

Th < Tw

Tw < Th

Tw = Th

Tw = Th = t∗

kuwklw

klh

kuh

2 Notes: The figures illustrate retirement decisions based on (kw, kh) values. The blue line in the
left figure (could be curved) indicates all possible (kw, kh) consistent with observables. The right

figure depicts the region of (kw, kh) when both partners’ retirement times are censored at t∗.
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Right censored: When only one member’s retirement time is censored (typically when
only the first retirement is observed), we can immediately identify the unique ki value for
the early retiree and a lower bound for k−i for the later retiree. For example, if we observe
Tw = t∗1 and Th > t∗2 ⩾ t∗1 = Tw, this data pattern implies that the latent optimizer must
be oph, which is characterized by gh(oph) = 0. We then solve for the unique kw and the
lower bound of kh:

t∗1 = H−1
w (kw)

ψ(t∗2 , t∗1 , xh, xw, klh, kw) = 0. (C5)

Then, by direct sampling, we draw kh from the truncated conditional distribution given
kw, that is f(kh|kw,kh > klh). With (kw,kh) determined, we compute the implied opw and
oph from gw(opw) = 0 and gh(oph) = 0. The same strategy applies when the husband
retires first and the wife’s time is censored.

When both retirement times are censored (Tw > t∗, Th > t∗), the case may correspond
to either sequential or joint retirement (Tw > Th > t

∗, Th > Tw > t∗, or Tw = Th > t
∗), as

shown in the right panel of Figure C1. The boundaries correspond to three limiting cases:
Th > Tw = t∗, Tw > Th = t∗, and Tw = Th = t∗. Solving for these boundaries yields the
feasible region for (kw, kh):

{(kw, kh) ∈ R2
+|kw > klw, kh > r(kw)},

where

r(kw) =

{
k̄(kw), klw < kw < kuw,

klh, kw ⩾ kuw,

and the components are pinned down by klh = Hh(t
∗), ψ(t∗, t∗, xw, xh,kuw,Hh(t

∗)) = 0,
and η(t∗, t∗, xw, xh, kw, k̄(kw)) = 0.

To generate a random draw within this region, we use rejection sampling: draw (kw,kh)
from the joint distribution on R2

+ and accept the first draw that satisfies the region conditions.
Once (kw,kh) are obtained, the implied opw and oph are computed from gw(opw) = 0
and gh(oph) = 0.

M-step.

We now describe the procedure for obtaining κ̂(s+1) using both the data and the E-step
draws.

Update α̂(s+1)
i and β̂(s+1)

i : Using the relations Twh = H−1
h (kh) and Thw = H−1

w (kw)

satisfied by opw and oph, we estimate the following log-linear specification by OLS:

log(T−i
i ) = −

γ

αi
−

1
αi
x ′iβi +

1
αi

(
log(ki) + γ

)
, i ∈ {w,h},

where ki, given its Exp(1) marginal distribution, satisfy
(

log(ki)+γ
∣∣xi) = 0, and

(
log(ki)

∣∣xi) =
π2/6, with γ denoting the Euler-Mascheroni constant.

Let σ̂ϵ,i denote the standard deviation of the OLS residuals, then we can estimate
α̂
(s+1)
i = π/

(
σ̂ϵ,i

√
6
)
. The coefficients β̂(s+1)

i are obtained by rescaling the OLS estimates

by −α̂
(s+1)
i and adjusting the intercept by −γ.

Update of δ̂(s+1) and τ̂(s+1): The copula-dependence parameter τ and the complemen-
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tarity parameter δ are updated by matching the moment conditions implied by the joint
distribution of (kw, kh):

δ̂(s+1) = arg min
δ
obj
(
k̃w(τ̂(δ)), k̃h(τ̂(δ))

)
.

The following subsections describe in turn the definitions of ki(δ), τ̂(δ), k̃i(τ(δ)), and the
objective function obj(·).
* ki(δ): Given α̂(s+1)

i and β̂(s+1)
i , for each candidate value of δ we recompute the residual

pair (kw,kh) implied by the E-step draws. In the sequential-retirement case without
censoring, the computation is straightforward. In the joint-retirement and censored cases,
however, δ enters gw(·), gh(·), and gj(·), so the feasible support of (kw,kh) changes with
δ. To preserve the validity of SEM, we therefore normalize the residuals so that their
relative positions within the feasible region remain unchanged as δ varies.
– Sequential retirement no censoring: When Tw > Th, the residuals (kw,kh) are obtained
by solving gw(·) = 0; When Tw < Th, they are obtained by solving gh(·) = 0.
– Joint retirement, no censoring: When δ changes, the bounds [klw,kuw] defining the
feasible segment of kw, and the corresponding range of kh, also change. We therefore
compute ki(δ) while preserving the relative position of the E-step draw within its original
bounds:

kw(δ) = klw(δ) + (kuw(δ) − klw(δ)) ∗ qw, η(t∗, t∗, xw, xh, kw(δ),kh(δ)) = 0,

where

qw =
kw − klw(δ̂(s))

kuw(δ̂(s)) − klw(δ̂(s))

denotes the relative location of the E-step draw kw within its original support [klw(δ̂(s)),
kuw(δ̂(s))].
– Sequential retirement with censoring: Similarly, when δ changes, the feasible support
of ki also shifts. For example, if Tw = t∗1 and Th > t∗2 ⩾ t∗1 = Tw, the lower bound of
kh, klh(δ), obtained from Equation (C5), varies with δ. We therefore preserve the relative
position of the E-step draw with respect to the bound klh(δ̂

(s)):

kh(δ) = k
l
h(δ) +

(
kh − klh(δ̂

(s))
)
.

– Joint censored: When both retirement times are censored, we normalize the residuals
following the same logic, depending on which option is optimal in the E-step. If opj is
the optimal choice in the E-step, we then normalize following the joint-retirement case; if
opw or oph is optimal, we apply the sequential-retirement normalization.

* τ̂(δ): Given kw(δ) and kh(δ), we compute the implied Clayton-copula dependence
parameter as

τ̂(δ) =
2Kendall

(
kw(δ),kh(δ)

)
1 −Kendall

(
kw(δ),kh(δ)

) ,

where Kendall denotes Kendall’s rank correlation.
* k̃i(τ̂(δ)): The joint moments of (kw,kh) under a nonzero Clayton copula parameter τ lack

closed-form expressions. Therefore, we apply the Rosenblatt transformation (Rosenblatt,
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1952) to map any dependent pair (kw,kh) into independent variables (k̃w(τ̂), k̃h(τ̂)). The
transformed variables (k̃w, k̃h) are each marginally Exp(1) and mutually independent,
whose joint moments are known in closed form.

* obj(·): We rely on the third conditional moments of k̃w − k̃h and k̃w + k̃h, and on their
independence from xw and xh. Specifically, the objective function includes (i) the absolute
value of the regression coefficients from regressing (k̃w − k̃h)

3 and (k̃w + k̃h)
3 on x; and

(ii) the absolute deviations of skewness(k̃w − k̃h) and skewness(k̃w + k̃h) from their
theoretical values 0 and

√
2. Absolute values are used for numerical stability.

Once the value of δ that minimizes the objective function is chosen, we obtain δ̂(s+1)

and the corresponding τ̂(s+1) = τ̂(δ̂(s+1)) as the M-step updates.
Extra step: In practice, however, when the sample is small or right-censoring is extensive,

the M-step updates for δ often exhibit high volatility across iterations, and the resulting SEM
estimates display greater dispersion around the true parameter values in finite samples. To
improve stability and precision in such cases, we add an additional M-step update after the
steps above, using an unconditional moment condition that requires the predicted share of
joint retirements in the M-step to match the empirical proportion from the E-step draws.
This additional condition both sharpens the identification of δ and regularizes the M-step
update.

Specifically, given α̂(s+1)
i , β̂(s+1)

i , and τ̂(s+1), for any candidate value of δ we can
compute, for each household, the probability of joint retirement by evaluating numerically
the probability that (kw,kh) falls between the two dashed lines in Figure C1. We then
choose the value of δ such that the unconditional probability of joint retirement matches the
empirical proportion of joint retirement in the E-step draws. After updating δ̂(s+1), we set
τ̂(s+1) = τ̂(δ̂(s+1)). In practice, this additional step substantially reduces instability in the
M-step and improves the precision of the SEM estimator without altering the asymptotic
target. Although the additional step adds to the computation time relative to the baseline
SEM, the overall algorithm remains highly efficient with multithreaded implementation.
The following subsection presents results on the computing time.

These steps jointly define the SEM estimation algorithm used in the empirical analysis.

C.2 | Simulation Exercises

This subsection presents Monte Carlo simulations comparing the baseline SEM and the
augmented SEM under different sample sizes, N = 10,000 and N = 1,000, as well as results
on the computing time of the augmented SEM method.

Based on the framework in equations (C1)–(C4), the true parameter values are set to
δ = 1.5, τ = 0.5, αw = 1.24, αh = 1.25, βw = [−5,−1.4,−0.1] ′, and βh = [−4.7, 1.3, 0.2] ′. We
introduce random right censoring as follows: for each household, there is an 80% probability
of receiving a censoring time drawn uniformly from {12, 24, . . . , 240}. Each individual is
censored if their true retirement time exceeds this censoring time.

For each sample-size configuration, I generate 40 independent datasets. While for the
large-sample censored case, we estimate the model using the standard SEM algorithm,
for the small-sample case, we estimate using both the standard and the augmented SEM
algorithms. Each SEM algorithm is iterated for 100 steps, and the final estimate is obtained
by averaging the last 50 iterations. The distributions of the parameter estimates across the
40 simulations are plotted to assess finite-sample variation under different scenarios.

Sample size N = 10,000.
Figure C2 reports the histograms of the baseline SEM estimates across 40 simulations. The
estimates for all parameters are centered around the true values (indicated by the dark green
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vertical line), confirming the accuracy and stability of the baseline SEM in large samples in
the presence of censoring.

Sample size N = 1,000.
Figure C3 presents the histograms of both the baseline and augmented SEM estimates
across 40 simulations for N = 1,000 with censoring. Compared to the large-sample case, the
finite-sample variability of the baseline SEM increases notably for δ and τ when sample size
decreases. In contrast, the augmented SEM, which incorporates an additional unconditional
moment restriction on δ, substantially reduces the dispersion of these estimates, improving
small-sample precision.

SEM iterations and computing time.
Finally, we present results on the computing time of the augmented SEM algorithm.

Figure C4 presents the M-step updates across iteration by computation time for the
augmented SEM based on one simulated sample of size N = 1,000. The iteration starts
from random initial values and runs for 100 steps. Each M-step update (solid blue line)
approaches the true value (green dashed line) within approximately 30 seconds, and 100
iterations complete in about 4 minutes.3

Similarly, Figure C5 presents the augmented SEM M-step updates over iterations by
computation time for a larger sample size of N = 10, 000. The results are based on 40
iterations starting from random initial guesses. As the sample size increases, the time
required to complete each iteration also increases; consequently, completing 40 iterations
takes around 16 minutes. However, as before, the M-step updates approaches to the true
values very quickly—within just a few iterations — requiring only about 2 − 3 minutes.

3Simulation run on Mac Studio M3 Ultra, multithreaded setup with 20 cores in Julia.
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(a) δ (b) τ

(c) αw (d) αh

(e) βw,1 (f) βw,2 (g) βw,3

(h) βh,1 (i) βh,2 (j) βh,3

F I G U R E C 2 Histograms of the baseline SEM estimates, N = 10, 000
2 Note: Each panel shows the distribution of baseline SEM estimates across 40 simulations. The

dark green vertical line indicates the true parameter value.
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(a) δ (b) τ

(c) αw (d) αh

(e) βw,1 (f) βw,2 (g) βw,3

(h) βh,1 (i) βh,2 (j) βh,3

F I G U R E C 3 Histograms of the baseline and augmented SEM estimates, N = 1, 000
2 Note: Each panel shows the distributions of the baseline (blue) and augmented SEM (orange)
estimates across 40 simulations. The dark green vertical line indicates the true parameter value.
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(a) δ (b) τ

(c) αw (d) αh

(e) βw,1 (f) βw,2 (g) βw,3

(h) βh,1 (i) βh,2 (j) βh,3

F I G U R E C 4 The augmented SEM iterations by computing time from a random initial guess,
N = 1, 000

2 Note: X-axis is the cumulative computing time (seconds) for completing 100 iterations. Blue solid
line represents each of the M-step updates (with extra step). The green dashed line represents the true

value.
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(a) δ (b) τ

(c) αw (d) αh

(e) βw,1 (f) βw,2 (g) βw,3

(h) βh,1 (i) βh,2 (j) βh,3

F I G U R E C 5 The augmented SEM iterations by computing time from a random initial guess,
N = 10, 000

2 Note: X-axis is the cumulative computing time (seconds) for completing 40 iterations. Blue solid
line represents each of the M-step update (with extra step). The green dashed line represents the true

value.
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D | SUPPLEMENTARY ANALYSES

In this section, we present supplementary analyses related to the estimation of the HDP
model, including summary statistics, model fitting, and computing time.

D.1 | Summary statistics

Here we report summary statistics of the main variables used in the analysis. Table D1
presents sample means of key model variables by gender and censoring status. Censored
individuals are on average slightly younger than uncensored individuals.

Table D2 reports the distribution of censoring outcomes by region. A substantial fraction
of couples are censored—neither partner retires within the survey period—while only a
small fraction, ranging from 8% to 28% across regions, consists of couples in which both
partners retire.

Wives Husbands

Variable Mean (all) Mean (uncensored) Mean (censored) Mean (all) Mean (uncensored) Mean (censored)

Aget0 56.34 57.67 55.86 58.61 59.417 58.125

Age gap 2.27 1.115 2.68 2.27 2.92 1.882

Primary edu 0.06 0.064 0.059 0.063 0.074 0.057

Tertiary edu 0.354 0.327 0.363 0.338 0.313 0.353

Poor health 0.186 0.163 0.193 0.188 0.166 0.201

Number of grandchildren 1.216 1.497 1.117 1.216 1.331 1.147

Number of children 2.166 2.159 2.168 2.166 2.187 2.153

HH wealth 91246.18 129386.8 77807.91 91246.18 113915.9 77596.4

Southern Europe 0.155 0.074 0.184 0.155 0.113 0.18

Eastern Europe 0.254 0.259 0.252 0.254 0.206 0.283

Western Europe 0.386 0.485 0.351 0.386 0.52 0.305

Northern Europe 0.203 0.181 0.211 0.203 0.159 0.23

N 1969 513 1456 1969 740 1229

TA B L E D 1 Summary Statistics of Variables

Notes: The table reports summary statistics of the data.

Region # couples Both censored One member Both retired

Southern Europe 306 0.69 0.23 0.08

Eastern Europe 501 0.60 0.23 0.17

Western Europe 761 0.45 0.27 0.28

Northern Europe 401 0.65 0.18 0.17

TA B L E D 2 Censoring/retirement composition by region

2 Notes: The table reports the number of couples from each region and the percentage of couples in
each retirement status category: both censored, one member censored, and both retired.
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D.2 | Model fit

In this subsection, we present the results of the model fitting. Specifically, Figure D1 shows
the distributions of the censored retirement period T from both the data (blue) and the
simulations generated by the estimated model (orange). The upper two panels present
histograms of the censored retirement periods for wives and husbands, respectively, while
the lower two panels display the histogram of Th − Tw, which contains information on joint
retirement patterns. Overall, the estimated model captures the data patterns very well.

Additionally, Figure D2 shows Kaplan-Meier-based failure functions for the retirement
durations of wives and husbands, comparing the empirical data with simulations from the
estimated model. Overall, the model reproduces the observed retirement patterns well,
although the simulated curves exhibit slightly lower failure rates in the upper tail (T > 100),
indicating that individuals in the model tend to retire somewhat later than in the data.

(a) Histogram of Tw, censored (b) Histogram of Th, censored

(c) Histogram of Th − Tw, censored (d) Histogram of Th − Tw, censored,
zoomed

F I G U R E D 1 Model fit: retirement durations
2 Notes: Figures (a-b) compare the histograms of censored retirement time (blue) with the simulated
censored retirement time from the estimated model (orange) for wives and husbands, respectively.

Figure (c) compares the histograms of the difference in censored retirement time between husbands
and wives using data and simulations from the estimated model, and Figure (d) is a zoomed-in

version of Figure (c).
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(a) Retirement durations, Kaplan Meier,
wife

(b) Retirement durations, Kaplan Meier,
husband

F I G U R E D 2 Model fit: retirement durations
2 Notes: Figures (a-b) compare the estimated retirement durations using Kaplan-Meier plots based
on the data (blue dashed line) and simulations from the estimated model (orange solid line) for wives

and husbands, respectively.
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D.3 | Estimation results and computing time

Figure D3 presents the SEM iterations by computing time. The figure shows the cumulative
time for running 200 iterations — in total it takes around 15 minutes to complete 200
iterations. Moreover, we can see that the M-step updates converges very quickly, within a
few iterations, requiring 1 − 2 minutes. The final estimates are the average of the last 100
iterations.
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D.4 | Estimation results and computing time

Figure D3 presents the SEM iterations by computing time. The figure shows the cumulative
time for running 200 iterations — in total it takes around 15 minutes to complete 200
iterations. Moreover, we can see that the M-step updates converges very quickly, within a
few iterations, requiring 1 − 2 minutes. The final estimates are the average of the last 100
iterations.
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(a) δ (b) τ

(c) αw (d) αh

F I G U R E D 3 Augmented SEM iterations by computing time (part 1)
2 Note: X-axis is the cumulative computing time (seconds) for completing 200 iterations. Blue solid

line represents each of the M-step update (with extra step). We average the last 100 iterations as
estimates.



LANE ET AL. 23

(e) βw,1 (f) βw,2 (g) βw,3

(h) βw,4 (i) βw,5 (j) βw,6

(k) βw,7 (l) βw,8 (m) βw,9

(n) βw,10 (o) βw,11 (p) βw,12

(q) βw,13

F I G U R E D 3 Continued. Results for wives
1.8 Note: X-axis is the cumulative computing time (seconds) for completing 200 iterations. Blue
solid line represents each of the M-step update (with extra step). We average the last 100 iterations
as estimates.


